We study the number of real critical points of a cyclotomic polynomial Φ n (x), that is, the real roots of Φ ′ n (x). As usual, one can, without losing generality, restrict n to be the product of distinct odd primes, say p 1 < · · · < p k . We show that if the primes are "sufficiently separated" then there are exactly 2 k − 1 real roots of Φ ′ n (x) and each of them is simple.
Introduction
The n-th cyclotomic polynomial Φ n is defined as the monic polynomial whose complex roots are the primitive n-th roots of unity. The cyclotomic polynomials play fundamental roles in number theory and algebra and their applications. Thus their various properties have been extensively investigated: to cite a few, [10, 9, 4, 11, 38, 17, 32, 5, 8, 12, 30] on coefficient size, [39, 35, 18, 19, 22, 20, 21, 34, 27] on realizability, [6, 16, 28, 29, 41] on flatness, [13, 20, 14] on jumps, [15, 13] on hamming weight, [25, 26, 33, 40, 14, 1] on maximum gap in exponents, [2, 3] on efficiently computing coefficients, and so on.
Another natural way to understand a polynomial is to study its roots and the roots of its derivative: count (how many roots) and location (where are the roots). Thus, in this paper, we study roots of cyclotomic polynomial and of its derivative. From now on, we will, without losing generality, restrict n to be the product of distinct odd primes, say p 1 < · · · < p k .
For Φ n , we obviously know everything about the roots from its definition: there are ϕ n complex roots, they all lie on the unit circle in the complex plane, and there are no real roots. Thus we naturally go to the next object Φ ′ n and study its roots, namely critical points. The number of complex roots of Φ ′ n is obviously ϕ n − 1. However their location is not obvious. The Gauss-Lucas theorem [31] only tells us that they are inside the unit circle. Some initial computational experiments suggest that the complex roots are located in several bands when the primes are sufficiently separated. This band structure will be the topic of forthcoming paper.
In this paper, we address the real roots of Φ ′ n . See Figure 1 for two small examples. It is not obvious how many there are and where they are. The main contribution of this paper is to show that, if the primes are "sufficiently separated," then there are exactly 2 k − 1 real roots of Φ ′ n (x) and each of them is simple. It was surprising to us that it does not depend on the primes at all Φ 3·5·7 Φ 3·5·59 Figure 1 : Real critical points of cyclotomic polynomials as long as they are sufficiently separated. As a consequence, one can have arbitrary large n, with a fixed small number of real critical points ("simple graph"). Concerning the location of the real roots of Φ ′ n , we give a conjecture. We briefly discuss a proof technique used in proving the main counting result. We begin by observing that several "standard" approaches (from algebra and analysis) were not suitable. Then we describe a new proof technique that we developed.
1. Algebraic approach: There are classical algebraic algorithms (such as Sturm [36] , Sturm- Habicht [23] , Hermite [24] ) for counting number of real roots of a polynomial (see a nice monograph [7] ). Hence, one can determine the number of real roots for Φ ′ n for each given n. However, this approach is not useful since it would require executing the algorithm for infinitely many n values. One might consider to study the "structure" of steps of the algorithm (or underlying ideas) in the hope of finding some pattern (without executing the algorithm) that could yield a proof. We tried this approach without success, mainly because the structure was too complicated to comprehend.
Analytic approach:
It is easy to write down Φ ′ np Φnp as a difference of two rational functions where one of them goes to zero when p is sufficiently large. There are classical analytic tools for such a situation: Rouché's and Hurwitz's theorems [37, §3.45] . We tried this approach and found that it does not give sufficient information to prove the counting theorem.
3. Thus we developed a new proof technique. We first introduce a suitable "proxy" D n of Φ ′ n , that behaves the same as Φ ′ n with respect to real roots. Then we show that D np can be written as a difference of two polynomials such that, for sufficiently large p, their graphs are configured nicely with respect each other, so that the tasks of counting the intersections and showing their transversality become manageable.
The paper is structured as follows. In Section 2, we will review basic notations/ notions and well known or easy results on them. In Section 3, we state precisely the main result on counting. In Section 4, we give a proof of the main theorem . The proof will be an induction (recursion) on the number of primes. Thus it is divided into three subsections: initial condition, recurrence, and solving the recurrence. The key is proving a recurrence formula. The proof will be given in geometric languages since it brings out the intuition/insights underlying the proof more clearly. In Section 5, we give a formal/rigorous proof of a key recursion formula to ensure its correctness. In Section 6, we list several conjectures as open problems.
Preliminaries
We will review basic notations/ notions and well known or easy results on them. Most of them can be found in any standard textbooks on number theory. We will refer to those notation/notions and results frequently throughout the paper without explicit reference.
The degree of Φ n (x) is denoted by ϕ (n).
Proposition 2 (Properties). We list several well known properties without proofs.
1. Φ n (x) = · · · + x + 1 if n is the product of odd number of distinct odd primes.
2. Φ n (x) = · · · − x + 1 if n is the product of even number of distinct odd primes.
4. Φ n (x) = Φn(x n n ) ifn is the radical of n.
Φn(x) if p is a prime relatively prime to n.
Proposition 3 (Special values). Let p be an odd prime. We list several well known special values without proofs.
Notation 1 (Counts). We will use the following notations throughout the paper.
1. N n stands for the number of real roots of Φ ′ n , counting multiplicities.
2. N − n , N 0 n , N + n stand for the number of negative, zero, positive real roots of Φ ′ n , counting multiplicities, respectively.
Proposition 4 (Reduction). We have the following reductions.
1. When n is not squarefree.
if n/n is even 2. When n is squarefree and even N 0
Proof. Immediate from differentiating Proposition 2:4-5.
Remark 2. Hence it suffices to restrict our study to the case when n is the product of distinct odd primes.
Proposition 5 (Parity). Let n be a product of k distinct odd primes.
Proof. Immediate from Descartes rule of sign, Proposition 2:1-3 and the obvious fact that N n is odd.
Main Results
In this section, we state precisely the main results. From now on, let n = p 1 · · · p k where p i are odd primes such that p 1 < · · · < p k . Recall that N n stands for the number of real critical points of Φ ′ n .
Theorem 1 (Counting). Suppose that the primes are sufficiently separated. Then N n = 2 k − 1 and each real root is simple. (See Remark 3 for a precise meaning of "sufficiently separated") Remark 3. We recall the formal definition of the notion "sufficiently separated". Let C stand for a condition on p 1 , . . . , p k . Then
Remark 4. One can easily read more detailed results off the proof of the main theorem given in Section 4. Let N − n and N + n stand for the number of negative and positive real roots of Φ ′ n respectively. Suppose that p is a prime sufficiently larger than n. Then we have
Proof
In this and next section, we will prove the main result (Theorem 1). In this section, we focus on the high level conceptual structure of the proof. In the next section, we will provide a rigorous (thus highly technical ) proof of a certain key result used in this section. Let n be the product of k distinct odd primes which are "sufficiently" separated from each other. We need to prove that Φ ′ n has exactly 2 k − 1 many real roots and each of them is simple. The whole proof is long. Hence before plunging into the details, we give here a bird-eye view of the proof. Let N n stand for the number of distinct real roots of Φ ′ n (x). The proof will essential set up a recurrence formula for N n and solve it.
1. Initial condition: Let p be an odd prime. We will prove that Φ ′ p (x) has only one real root, that is, N p = 1 and that the real root is simple. (Proposition 6 in Subsection 4.1) 2. Recurrence: Let n is a product of distinct odd prime numbers. Assume that Φ ′ n (x) has N n real roots and that each of them is simple. Let p be prime not dividing n and sufficiently large. We will prove that Φ ′ np (x) has 2N n + 1 real roots, that is, N np = 2N n + 1 and that each real root is simple. (Theorem 2 in Subsection 4.2).
Solve:
Let n be the product of k distinct odd primes which are "sufficiently" separated from each other. Note that 2 gives a recurrence equation and 1 gives an initial condition. By solving the recurrence equation with the initial condition, we immediately conclude that Φ ′ n has exactly 2 k − 1 many real roots and each of them is simple (Subsection 4.3)
Now let us plunge into the details.
Initial condition
Proposition 6 (Initial condition). Let p be an odd prime. Then Φ ′ p (x) has only one real root, that is, N p = 1 and that the real root is simple.
Proof. Note the well known fact:
Hence there is no non-negative real root of Φ ′ p (x). Thus it suffices to count the number of negative real root of Φ ′ p (x). A natural idea is to use Descartes' rule of sign. An obvious approach would be to apply Descartes' rule of sign on Φ ′ p (−x). However, the approach fails since the sign variation
Fortunately we found another way to use Descartes' rule of sign. Recall
Note that the denominator (x − 1) 2 is positive for every negative value of x. Hence it suffices to count the negative roots of g (x), equivalently to count the positive roots of
Note that there is exactly one sign variation. Hence, by Descartes' rule of sign, we see that h (x) has exactly one simple positive root. Hence g (x), in turn Φ ′ p (x) has exactly one negative root and it is simple. Recalling that there is no non-negative real root of Φ ′ p (x), we conclude that Φ ′ p (x) has only one real root and it is simple.
Recurrence
The main goal of this subsection is to prove Theorem 2. For the readers' convenience, we "pre"produce the claim of the theorem here. Let n be a product of distinct odd prime numbers. Assume that Φ ′ n (x) has N n real roots and that each of them is simple. Let p be prime not dividing n and sufficiently large. Then Φ ′ np (x) has 2N n + 1 real roots, that is, N np = 2N n + 1 and that each real root is simple.
Remark 5. Before we describe our proof technique, we would like address a question that an attentive reader might have. Can Theorem 2 be proved easily by using Rouché's Theorem? A short-answer is that we tried and did not succeed. Let us elaborate. One can readily obtain the relationship between Φ ′ np and Φ ′ n by taking the logarithmic derivative on the fundamental relation
Let x be a real root of Φ ′ n (x). Then by Gauss-Lucas, we immediately see that |x| < 1. Hence p → ∞, we have px p−1 → 0, in turn
Φn(x) . Thus from Rouché's Theorem, we see that some roots of Φ ′ np (x) approach the roots of Φ ′ n (x). Hence we have N np ≥ N n for a sufficiently large prime p. Furthermore, applying a straightforward technique to Φ ′′ n (x) Φn(x) , one can also easily show that if Φ ′ n (x) has simple real roots then Φ ′ np (x) has only simple real roots for a sufficiently large prime p. However, we were not able to show N np = 2N n + 1 using Rouché's Theorem and any related theories. Hence we developed a new proof technique.
Through trial and error, we observed that a simple and useful relation can be found if we consider the following "proxy" of Φ ′ r (x).
It is a proxy in the sense that it can correctly "represent" Φ ′ r (x) with respect to the real roots and their simplicity, as shown in the following lemma. Proof. We prove the claims one by one.
1. Obvious since Φ r (x) has no real roots.
Immediate from
The following Lemma shows that the proxy D r (x) could be a useful one, due to the simple relation between D np (x) and D n (x).
Lemma 9 (Usefulness of Proxy). Let n be a positive integer and let p be a prime not dividing n.
We have D np (x) = pD n (x p ) − D n (x) , Remark 6. It is convenient to let H n,p (x) = pD n (x p ).
Proof. By taking logarithmic derivative of the fundamental relationΦ np
By multiplying both sides by x, we have
The above two lemmas suggest the following strategy for proving Theorem 2.
• Count the real roots of Φ ′ np by counting the intersections between the graphs of D n and H n,p .
• Show the real roots are simple by showing that the intersections are transversal.
In order to carry out the above strategy, we of course need to have some information on the shapes of the graphs of D n and H n,p and their relationship. We gather such information in the following two lemmas: Lemma 10 for the shapes of the graphs of D n and H n,p and Lemma 11 for their relationship.
Lemma 10 (Shapes of graphs of D n and H n,p ). Let n = p 1 · · · p k where p 1 , . . . , p k are distinct odd primes. Then the signs of D n,p (x), the d-th derivative of D n (x) and H n,p (x), at x = −1, 0, +1 are as follows.
Proof. It is straightforward to show the claims from Proposition 3. We will not show the detail since it consists of tedious book-keeping.
Lemma 11 (Relationship between graphs of D n and H n,p ). There is a one-to-one correspondence between the graphs of D n and H n,p , given by
Proof. Immediate from the definition H n,p (x) = pD n (x p ).
Now we have collected enough information on the shapes of the graphs of D n and H n,p and their relationship, for deriving a recurrence formula for N n .
Theorem 2 (Recurrence). Let n is a product of distinct odd prime numbers. Assume that Φ ′ n (x) has N n real roots and that each of them is simple. Let p be prime not diving and n and sufficiently large. Then Φ ′ np (x) has 2N n + 1 real roots, that is, N np = 2N n + 1 and that each real root is simple. Proof. We will provide an intuitive (geometric) sketch of the proof in the hope of communicating the overall proof strategy. The rigorous and technical implementation of the strategy will be given in the next section. See the graphs of D n (x) and H n,p (x) in the following diagram. The intuitive proof sketch consists of making several observations on the diagram. A few disclaimers first. We chose n to be a product of two odd primes. We exaggerated some important characteristics of the graphs and the result, the graphs are not to the scale. However, it is safe since the discussion below depends on neither the choice of n nor scale. Now let us begin.
1. The blue curve is the graph of D n (x) and the green curve is the graph of H n,p (x). The blue dots are the non-zero root of D n (x) and the green dots are the non-zero root of H n,p (x). The red dots are the intersections of the graphs of D n (x) and H n,p (x).
2. From Lemma 8, we see that the blue dots are real roots of Φ ′ n (x). From Lemmas 8 and 9, we see that the red dots are real roots of Φ ′ np (x). By Gauss-Lucas theorem [31] , all the real roots of Φ ′ n (x) and Φ ′ np (x) are in (−1, 1) . Hence there are no other real roots. Therefore, we need to prove that the number of the red dots is 2 times the number of the blue dots plus 1.
3. Now suppose that p is sufficiently large. The diagram is shown in such a p. Note that the roots of D n (x) and the roots of H n,p (x) are well separated.
(a) We see that there is one red dot near every blue dot. It is because the green curve is sufficiently flat and small near the blue dots and all blue dots are assumed to be simple. Hence we get N n red dots near blue dots. (b) We also see that there is one red dot near every green dot. It is because the blue green curve is sufficiently stiff and big near the green dots. Recall that there is one-to-one correspondence between the green dots and the blue dots. Thus we get N n red dots near green dots. (c) Now, we get to a tricky one. Note that there is one more red dot on the negative side in between the right most green dot and the left most blue dot. We explain why it exists. From Lemma 10, we see that H n,p (x) is very flat near x = 0. Since p is sufficiently large, it can stay flat until it passes well beyond the left most blue dot.
Summing up, we have N np = N n +N n +1 = 2N n +1. Furthermore all the red points are simple because the blue curve and the green curve intersect transversally. Hence, from Lemma 8, the roots of Φ ′ np are simple.
Solve the recurrence: Proof of Main result (Theorem 1)
Finally we are ready to prove the main result of this paper (Theorem 1). Let n be the product of k distinct odd primes, say p 1 < · · · < p k such that they are "sufficiently" separated from each other. From Theorem 2 and Proposition 6, we obtain the following recurrence equation and the initial condition
By solving it, we immediately conclude that N p 1 ···p k = 2 k − 1 that is, Φ ′ n has exactly 2 N − 1 many real roots. By induction, we also conclude that each of the real roots is simple. We have finally proved the main result (Theorem 1).
Rigorous proof of Theorem 2
In the previous section, we gave an intuitive sketch of the proof of Theorem 2. In this section, we provide a rigorous proof. First we need to have some rigorous understanding of the shape of D n . It turns out that we only need know about the the shape of D n within a sufficiently narrow horizontal strip.
Definition 12 (Narrow). Let n be the product of distinct odd primes. Let h be a positive real number. We say that a real number h is narrow with respect to n if
Remark 7. The fourth condition looks mysterious. It will be justified/motivated later when it is used in proving Lemma 15.
Lemma 13. Let n be the product of distinct odd primes such that the real roots of Φ ′ n (x) are simple. Then there exists a narrow h with respect to n.
Proof. We will show that there exists h that satisfy each condition. Then we can take their minimum.
1. h ∈ (0, D n (±1)).
Such a h exists since D n (±1) = 0 (Lemma 10).
∀
|D n (x)|. Note h = 0 since all the real roots of D n (x) are simple due to Lemma 10 and the assumption that the real roots of Φ ′ n (x) , in turn D n (x), are simple. Hence any h < h satisfies the condition the condition.
Immediate from the facts that D ′′ n (0) = 0 (Lemma 10) and that l → +0 as h → +0.
Immediate from the facts that |D ′′ n (x)| is bounded from above and that l → +0 as h → +0.
The following definition is motivated by the need to configure the graphs of D n and H ′ n,p so that it is easy to study their intersections and the transversality. 
(from the mean value theorem)
>0 (from Definition 12-4)
Thus for all p, we have min −b≤x≤−a H ′′ n,p (x) > 0 when k is even. 
min

a < |x| < b
We consider two cases.
(a) k is odd.
From Definition 14-4, we see immediately that there is exactly one root of D np in this sub-region, which is positive and simple.
(b) k is even. From Definition 14-5, we see immediately that there is exactly one root of D np in this sub-region, which is negative and simple.
b ≤ |x| ≤ 1
We consider two sub-regions.
(a) |D n (x p )| > h From Definition 14-6, we see immediately that there is no root of D np in this sub-region.
(b) |D n (x p )| ≤ h This sub-region consists of exactly several disjoint intervals. From Definition 14-6,7, we see that each interval contains exactly one root of D np , which is simple.
Put all the above and recalling Lemma 8, we conclude that Φ ′ np (x) has 2N n + 1 real roots, that is, N np = 2N n + 1 and that each real root is simple.
Conjectures
In this section, we list several conjectures closely related to the main result, as open challenges. They are suggested by numerous computations and the proof of the main result.
Conjecture 4 (Locating). Suppose that the primes are sufficiently separated. Then we have α ∈ R : Φ ′ n (α) = 0 ≈ {β i : 1 ≤ i 1 < · · · < i s ≤ k, s ≥ 1}
where β i = (−1) i 1 |γ i 1 | 1 p i 2 ···p is and γ i 1 is the negative real root of Φ p i 1 . where the real roots are ordered by their absolute values.
Conjecture 5 (Irreducibility). Let n be square-free. Then Φ ′ n is irreducible over Q.
If the above conjecture is true, then the proof of the main result of this paper could be simplified, since we would not need to show that the intersections between the graphs of D n and H n,p are transversal.
